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Introduction
The degree to which an enzyme controls a flux or metabolite concentration can be quantified in the frameworks of metabolic control analysis and biochemical system theory [l-4] . In metabolic sontrol analysis such quantitative indicators of the regulation are called the control coefficients of the enzymes [5] . They are defined mathematically as the log-log derivative of the steady-state flux (J) or the concentration of a metabolite (x) with respect to the enzyme concentration (e,) [2, 3, 5] , CL, = d In 1 J 1 /d In ei 1 st.stJ Ct = d In x/d In ei I Sf.st (1)
Here the concentrations of all other enzymes (e,, j # i) are kept constant. Although the control coefficients are defined for small, in the limit, infinitesimal changes in the enzyme concentration, in practice a series of finite changes can be made and the response curve can be defined by interpolation. Therefore, Eq. (1) acquires the clear operational meaning of measuring the effect which an enzyme exerts on the steady-state flux or concentration by addition of that enzyme to the system in vitro [6] , by using heterokaryons [7] or by manipulating the expression of the corresponding gene in the intact system [8, 9] .
Definition (1) of the control coefficients implies that the pathway as a whole attains a new steady state (for every new value of the concentration of an enzyme). Hence, the control coefficients (as well as the fluxes and metabolite concentrations in a new steady-state) depend on the kinetic properties of all pathway enzymes and on pathway structure. Therefore, the control coefficients are the 'global' coefficients.
Local regulatory properties of functional units of a system, i.e., enzyme reactions in metabolic control analysis, are quantified by the 'local' coefficients which are called the elasticity coefficients. These local coefficients describe the response of a single enzyme rate to a change in the concentration of a metabolite or a parameter affecting that rate.
One of the goals of quantitative approaches to metabolic regulation is to relate control properties of a pathway as a whole to kinetic properties of individual enzyme reactions and the structure of the links between the latter. In the framework of metabolic control analysis the summation and connectivity theorems [2] play the role of such relations. Together they allow one to determine the control coefficients (global control properties) in terms of the elasticity coefficients (local properties) [lo-121. To summarize the relationships between control and elasticity coefficients matrix methods have been applied [3,10,12-181. However, these matrix approaches addressed only the case of so called 'simple' or 'ideal' [19] metabolic pathways. In such pathways the enzymes are independent catalysts and the concentrations of enzyme-bound metabolites can be neglected as compared to their free concentrations. Only with this oversimplification of real metabolic pathways the classical summation and connectivity hold true [20-231. The existence of this limitation was well understood; Sauro and Kacser [22] have indicated a principal solution of it for pathways with direct enzyme-enzyme interactions (cf. [44] ). Assuming thermodynamic equilibrium between the separate enzymes and the complex they calculated the elasticities of partial reactions (i.e. proceeding in the bulk phase and in the channelled phase) with respect to the total enzyme concentrations. However, only under special conditions these elasticities which are referred to as protein (7~) elasticities [22, 24] depend only on the equilibrium constant and the total amounts of the enzymes. In the more general case n-elasticities of a given partial reaction (step) may depend on the rate constants of other partial reactions and, therefore can not be considered as local properties.
A method for determining the enzyme control coefficients for a general case of (partially) channelled [25] pathways has been proposed recently [19, 26] . The enzyme control coefficients were expressed in terms of the control coefficients of the elemental steps of the reaction network and the relative concentrations of enzyme-enzyme complexes (the ratios of mean life times of the monomeric and complexed enzyme forms). For non-ideal pathways (e.g., channelled pathways) we here express the control coefficients of the enzymes directly into the elasticity coefficients of the elemental steps and derive a simple algorithm for such calculations. A concise matrix formulation for determining the control coefficients of enzymes in non-ideal pathways of any complexity (involving enzyme-enzyme interactions) is obtained.
Results

Theoretical background
2.1.1. Microdescription: a metabolic pathway as a network of elemental chemical steps In ordinary ('ideal') metabolic pathways there is a one-to-one correspondence between enzymes and reactions. Moreover, the regulatory properties of ideal pathways allow analysis at the 'macroscopic' level of a set of enzyme catalyzed reactions without descending to the 'microlevel' of detailed mechanisms of those reactions. However, studies of the control structure of non-ideal pathways require consideration of a more elemental level than the level of enzymes and reactions [19,21-23,27-291. We shall consider an arbitrary metabolic pathway which includes r enzyme reactions as a network of many more elemental processes (steps). The latter correspond to the transitions between different states of enzymes [27-301, 
In this definition the partial derivative specifies that changes in the rate ui caused by a change in xk are considered at constant concentrations of all other metabolites and parameters that may influence the rate. In contrast to the definition of the control coefficients (Eq. (1)) no evolution of the entire metabolic pathway is permitted in Eq. (2) .
Most often the rate of an elemental step depends linearly on any concentration xk participating in that step (usually no more than one molecule of the given species is involved into an elemental chemical process, e.g., the collision and subsequent conversion). In this case the elasticity coefficients, EP~, of an elemental step (i) can be readily expressed into the ratios of the forward <UT> and reverse (vi) rates to {he net rate (ui = VT -ui> of that step. More definitely, the elasticity coefficients of any elemental step i assume values (for different values of j) of either 0, or L~+/u~, or -u,:/ui. For example, for the dynamic channel of Fig. 1 , the rate and the elasticity coefficients of step 3 (a 'channelled' step) with the rate u3=k;x,x6-k;
.x2, read: 
Similar expressions can be written for the elasticity coefficients of each step of the dynamic channel shown in Fig. 1 . Then, the n by m matrix (E) of the elemental elasticity coefficients reads for this pathway:
The ratios vT/ui and -uEr/vi and, therefore, the elasticity coefficients can be expressed in terms of the Gibbs energy (free-energy) difference (AC,) across the elemental step i:
Here the ratios of the unidirectional rates to the net rate of the step (i) are designated by p: and pi . The sign of AGi corresponds to taking the chemical potentials of the substrates minus the chemical potentials of the products. For step 3 of the example above ( Fig. I) , AG3 = p,, + px6 -P,, = pE,s + pE2 -PE,HE;
Moiety-conserued cycles of enzymes and metabolites
Structural properties of the network of the elemental processes are described by the stoichiometric matrix N of m rows (the number of the variable concenttrations) and n columns (the number of the processes), see e.g., Ref. [12] . An element (Nii) at row i and column j of the matrix N is the stoichiometry by which xi participates in the jth elemental process. For any network under consideration the rank Cm,) of N is always less than m, and not all the concentrations (x,) are independent. At least, there are r constraints, each of which corresponds to the moiety conservation of an enzyme (e,), ei = Ei + E,S, + . . . + Ei Ej + EiS,Ej + . . . , i=l,2 ,...,r (6) (for clarity, here instead of xk the usual symbols are used for the concentrations of different enzyme forms: Ei designates free enzyme, E,S designates the enzyme-substrate form, EiEj and E,S,Ej designate enzyme-enzyme and enzyme-substrate-enzyme complexes, respectively). In addition, substrate (metabolite) moiety-conserved cycles can be present in a pathway [36] ,
k=l Here T, designates the total concentration of ith conserved substrate (not enzyme) moiety, s is the number of independent conservation relationships for substrates, yik are constant coefficients. Note, that xk entering Eq. Representing the vector x as x = (xR, xD>', one can see from Eq. (8) , that the first m, rows of the link matrix (L) coincide with the ma-dimensional identity matrix (Imo) [12] , and the first m, components of the vector M are equal to 0. In what follows it is convenient to present Eq. (8) in the form: Only after such a choice they are determined in a unique manner (see below).
Properties of the elemental fluxes determined by the network structure
The system steady state is determined by the equation:
N.v=O, (IO) which should be considered together with the conservation constraints, Eqs. (6) and (7) . A steady-state rate (vP~'~") of an elemental step will be referred to as a (steady-state) flux (Ji) through that step 
Here @ is the n by n -m, matrix the first (n -m,) rows of which coincide with the (n -m&dimensional identity matrix, I,_,,,", Go is the mO by n -m, matrix. Note, that the columns of the matrix @ constitute a basis of Ker(N). For instance, in the channelled pathway of Fig. 1 the fluxes through all six elemental steps can be expressed into the fluxes through the steps 1 and 2: (1) and (11) a set of control coefficients of any enzyme with respect to n elemental fluxes, J=(J,, J2,..., Jn)t, can be expressed into control coefficients of that enzyme with respect to n -m, linearly independent fluxes, JR = (J, , J,, . . . , Jn_,,,,) '. To write these relationships in the matrix form we designate by Cf the n by r matrix of the enzyme control coefficients over all the elemental fluxes; the coefficient at row i and column j of the matrix Ci is the control coefficient of the enzyme j with respect to the flux Ji. Similarly, we designate by Cf" the reduced n -m, by r matrix composed of the enzyme control coefficients with respect to the linearly independent fluxes only. Note, that linearly independent fluxes are renumbering as the first n -m, fluxes, and the reduced matrix (Cf") is the submatrix formed by the first n -mO rows of the matrix Cf. Also we shall use a simple (conventional) designation (d In a/d In b) for matrices of log-log derivatives (d In a,/d In bj), e.g. the matrix Ci is written as 
On the other hand the flux control coefficients can be determined by direct differentiation of the steady-state rates ( u;~,'~) with respect to the enzyme concentrations (ej). In view of Eqs. (6)-(10) these rates (fluxes Ji) can be represented as functions of the parameters e = (et, e2, . . . , e,)' (for the moment the parameters T are assumed to be constant, since it is always possible to change the total concentrations, e, of enzymes only, leaving the total concentrations of substrate moiety-conserved cycles unchanged):
Ji( e) = ul!t.st( x( x"( e), M(e))), i = 1, 2,. . . , n.
Differentiating Eq. (16) with respect to the total enzyme concentrations, one obtains
Here E* is the n by m, matrix of the 'reduced' elasticity coefficients which is expressed in terms of n by m matrix (E ) of the elasticity coefficients, (E = (a In v/a In x), see Eq. (2)) and the link matrix (L) (see Eq. (8) 
The IZ by r matrix, 8 In v/a In e, of the partial derivatives reflects the explicit dependence of the elemental rates on the total enzyme concentrations arising from the dependence of MD on e (after substitution of Eq. (9) into the rate laws). Equating the right-hand sides of Eqs. (14) and (17), and rearranging one has:
Wxy-d . C:" = a In u/a In e.
According to the rules of the matrix algebra, Eq. (20) can be rewritten as (20) (w I -_E*p [s:) =E.q+). (21) Here E is the n by n square matrix the first (n -m,) columns of which coincide with the matrix W and the remaining m, columns coincide with the matrix -E *. The first (n -ma) rows of the n by r matrix, C,, are formed by the control coefficients of the enzymes with respect to the linearly independent fluxes (Ci") and the remaining ma rows are formed by the control coefficients of the enzymes with respect to the linearly independent concentrations (C:").
For non-pathological cases the square matrix E is invertible. Therefore, the matrix C, of the control coefficients of the enzymes is determined as:
A simple algorithm for calculating the matrix (a In v / 8 In e)
As was mentioned above an explicit dependence of the elemental rates (v) on the total enzyme concentrations (e) appears after the substitution of the dependent concentrations (xD) as functions of the independent concentrations (xR> and conservation totals (MD> into the corresponding rate expressions, i.e. via the dependence of the vector MD on e (see Eq. (9)): ui = vi XR, ( xD(xR, MD(e))), i= 1,2 ,..., n.
Here, according to Eq. (9)
x"( xa, MD) = LO. xR + MD.
It should be noted that the choice of the dependent concentrations is not unique. Any particular form of the matrix (a In v/a In e) will depend significantly on the concentrations that are chosen as the dependent concentrations.
Using Eqs. (23) and (24) (diag e),.
Here it was taken into account, that in view of Eq. (24) the matrix (axD/aMD) is the r + s by r + s identity matrix (I,, ,) . The matrix ?? D is n by r + s matrix of the elasticity coefficients of the elemental steps with respect to the dependent concentrations (eD = a In v/a In xD). It is formed by the last r + s columns of the n by m elasticity matrix (t. = a In v/a in x).
The vector MD (and as a consequence the matrices aMD/ae and a In u/a In e) depends on a particular choice of the concentrations xD. Taking into account that the concentrations of free enzyme forms, Ei, enter enzyme moiety-conserved cycles only and do not enter substrate moiety-conserved cycles, q (see Eqs. (6) and 71, we choose these concentrations, E,, E,, . . . , E,, as the r dependent concentrations. Then, for an arbitrary choice of the remaining (s) dependent concentrations (chosen from the concentrations entering Eqs. (7)), the vector MD takes the form MD=(el, q,...,e,, fly f2,...,L)'. (26) Here fi are linear functions of the substrate totals (T) only. Then, the (r + S) by r matrix @MD/se) reads:
(&VfD/ae) = 1, i i 0 (27) where I, is r by r identity matrix. Choosing r dependent concentrations as the concentrations of free enzymes (Ei) one obtains from Eqs. (25) and ( where ?? s designates n by r matrix of the elasticity coefficients concentrations of free enzyme, (E,)~~ = a In ui,4 In Ej.
Example
of the elemental steps with respect to the Now we shall calculate the control coefficients of the enzymes in the simple dynamic channel [31-351 shown in Fig. 1 . The first step is the construction of the matrix E (see Eq. (21)). The part of this matrix that reflects the structural properties of the channel, i.e., the matrix W, is obtained from Eqs. (12) and (15): 
where I, is the 4 by 4 identity matrix. Using Eqs. (18) and (4) 
The last step is to employ Eq. (22) ( in which matrices E and (a In v/a In e) must be substituted) to determine the control coefficients of the enzymes in the channelled pathway. As a numerical elaboration of this example, Fig. 2 shows the dependence of the enzyme control coefficients ( Fig. 2a ) and their sum (Fig. 2b) on the total concentration of the enzymes for the dynamic channel of Fig. 1 (for simplicity the concentrations of the enzymes were taken to be equal). The corresponding curves were calculated from Eq. (22) by inverting matrix E. One can see that the sum of the enzyme control coefficients coincides with the classical value 1 at very low concentrations of the enzymes where the channelled flux fraction is negligible. With an increase in the enzyme concentrations the channelled flux fraction increases because more enzyme-enzyme complex is formed (Fig. 2b) . The initial increase in the channelled flux is accompanied by an increase in the control exerted by 'channelled' steps. As a result the sum of the control coefficients goes up, attaining (maximal) values much greater than unity [19, . With a further increase in the concentrations of the enzymes this sum goes down again. The latter effect reflects 'enzyme sequestration' in channelled pathways [26] . At such high enzyme concentrations the sum of the enzyme control coefficients control coefficient drops below unity (Fig. 2b) , and the control coefficient of the first enzyme even becomes negative (Fig. 2a ). These entirely new phenomena cannot occur in ideal pathways lacking the channel; there proportional increases in enzyme concentrations always result in the same proportional increase of the flux [2] . In the pathway considered there were no substrate moiety-conserved cycles. Regardless whether such substrate cycles are present, the same routine can be used for calculating the enzyme control coefficients. Moreover, the expression of the matrix (a In v/a In e) via the elemental elasticities with respect to free enzyme concentrations (Ei) is not affected by the presence of substrate moiety-conserved cycles (see Eq. (28)) when the concentrations of free enzymes (Ei) are chosen as the dependent variables.
Discussion
Elegant matrix equations allowing one to calculate the control coefficients of the enzymes from their elasticity coefficients have been proposed for usual (ideal) metabolic pathways [3,10,12-181. However, for channelled pathways there is no one-to-one correspondence between enzymes and reactions and the elasticity coefficients of enzymes 'in isolation' do not describe the kinetic properties of reactions in situ [43] . As has been shown recently [19] to treat such pathways one should use a 'microdescription', i.e. analyze them at the level of elemental processes (see also [34, 35] ).
In this paper we showed that to calculate the control coefficients of the enzymes one should determine the matrix of the elemental elasticity coefficients and the matrix of the partial derivatives of elemental rates with respect to the total enzyme concentrations.
A simple routine for deriving the latter matrix via the elasticity coefficients with respect to the concentrations of free (empty) enzymes is proposed.
Matrix E involving the elasticities of the elemental steps depends also on the structural properties of the network of the elemental steps in the enzyme reactions of a pathway. These structural properties are involved in terms of both, the basis vectors of the kernel of the stoichiometry matrix (N), (matrix WI, and the link matrix CL> [12] (see Eqs. (21) and (18)).
We illustrated our results for the pathway of two enzymes forming a complex capable of channelling the intermediate (see Fig. 1 ). Such a channelled pathway where at each catalytic cycle the enzyme-enzyme complex has to be formed and broken-down, is referred to as a 'dynamic' channel [31-351. In ideal (unchannelled) pathways equal relative increases in the concentrations of the all enzymes leads to the same relative increase in the metabolic flux; the sum of the enzyme control coefficients equals 1. Here we showed that in the channelled pathway under conditions considered the flux first growths much faster than the enzyme concentrations (the sum of the enzyme control coefficients exceeded 1). Then, with further increase in the concentrations of the enzymes, flux fell behind the increase in the concentrations.
This phenomenon is a hitherto unrecognized distinctive feature of the channelled pathways [26] .
In an arbitrary system the steady-state rates of some elemental processes can be equal to zero (e.g., in some cases of so called static channelling [25] a step of the formation of 'static' complex is at thermodynamic equilibrium while the fluxes through the other steps are not equal to zero. In such cases one should use the usual derivatives rather than the log-log derivatives (non-normalized coefficients, cf., Ref. [12] ). The matrix equations of the present work can be easily transformed into the corresponding equations for non-normalized coefficients. For instance, the non-normalized analogue of Eq. (21) reads (34) Here GjR and G$ are the matrices of the non-normalized coefficients,
The results obtained in this paper are applicable both to channelled pathways and to other non-ideal pathways, for instance, with high enzyme concentrations and (substrate) moiety conserved cycles [21, 23] . Because the usual methods and theorems of control analysis break down when applied to such systems this may be an important advantage.
